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A W^-theory of Stochastic Partial Differential Systems of 
Divergence type on C 1 domains 
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Abstract 

In this paper we study the stochastic partial differential systems of divergence type with C 
space domains in R d . Existence and uniqueness results are obtained in terms of Sobolev spaces 
C^l . with weights so that we allow the derivatives of the solution to blow up near the boundary. The 

coefficients of the systems are only measurable and are allowed to blow up near the boundary. 
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1 Introduction 

In this article we are dealing with W% r -theory of the stochastic partial differential systems (SPDSs) 
•^ , of d\ equations of divergent type: 

S3 ' du k = (A(a£t& + b\ r u r + f k ) + bl r u r xt + c kr u r + f k )dt 

m 

o : u k (o) 

o 

with x G R d , W\_ or O, a bounded C 1 domain. Here, {w™ : m = 1,2, . . .} is a countable set of 
independent one-dimensional Brownian motions defined on a probability space (Q,J-',P). Indices i 
and j run from 1 to d while k, j — 1, 2, • • ■ , d\ and m = 1, 2, • • • . To make expressions simple, we 
are using the summation convention on i,j,r,m. The coefficients a£ r , b l kr , V , kr tCkr^ l krm and Vk r . m 
are measurable functions depending on w £ O, t, x. Detailed formulation of (|1.1|) follows in the 
subsequent sections. 

Demand for a general theory of stochastic partial differential systems(SPDSs) arises when we 
model the interactions among unknowns in a natural phenomenon with random behavior. For 
example, the motion of a random string can be modeled by means of SPDSs(see |14j and pQ). 

We note that, if d\ = 1, then the system (jl.ip becomes a single stochastic partial differential 
equation (SPDE) of divergence type. In this case L2-theory on M. d was developed long ago and an 
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account of it can be found, for instance, in |15j . Also, L p -theory(p > 2) of such single equations 
with C 1 space domains can be found in [3J, [5] and |16j in which weighted Sobolev spaces are used 
to allow derivatives of the solutions to blow up near the boundary. For comparison with L p -theory 
of SPDEs of non-divergence type, we refer to [4], [7], [12], [10] and references therein. 

The main goal of this article is to extend the results fJ5] , [3J , [5] , [IS] for single equations to the 
case of systems under no smoothness assumptions on the coefficients. We prove the uniqueness and 
existence results of system (jl.ip in weighted Sobolev spaces so that we allow the derivatives of the 
solutions to blow up near the boundary. The coefficients of the system are only measurable and are 
allowed to blow up near the boundary (See (|4.6[> ). 

We declare that W^-theory, a desirable further result beyond W2 -theory, is not successful yet 
even under the assumption that the coefficients ai and a\ r arc constants. This is due to the 
difficulty caused by considering SPDSs instead of SPDEs. For L p -theory, p > 2, one must overcome 
tremendous mathematical difficulties rising in the general settings; one of the main difficulties in 
the case p > 2 is that the arguments we are using in the proof of Lemma ET51 below are not working 
since in this case we get some extra terms which we simply can not control. 

The organization of the article is as follows. Section [2] handles the Cauchy problem. In section [3] 
and section[4]we develop our theory of the system defined on R+ and bounded domain O, respectively. 

As usual, R d stands for the Euclidean space of points x = (x 1 , ..., x d ), B r (x) = {y € M. d : 

\x — y\ < r}, B r = B r (0) and W^ = {x G M. d : x 1 > 0}. For i = 1, ...,d, multi- indices a = (ai, ...,ay), 

(Xi G {0, 1, 2, ...}, and functions u(x) we set 

3u 
u x i = — % = D iU , D a u = D^ ■ ... ■ D a /u, \a\ = ai + ... + a d . 

If we write c = c(- • •), this means that the constant c depends only on what are in parenthesis. 

2 The systems on M. d 

In this section we develop some solvability results of linear systems defined on space domain M. d . 
These results will be used later for systems defined on M^ or a bounded C 1 domain O. 

Let (0, T, P) be a complete probability space and {Tt} be a filtration such that To contains all P- 
null sets of f2; the probability space (fi, J 7 , P) is rich so that we define independent one-dimensional 
{J^j-adapted Wiener processes {wj™}m=i on ft. We let V denote the predictable cr-algebra on 

n x (o,oo). 

The space C£° = Cg° (R d ; R dl ) denotes the set of all Revalued infinitely differentiable functions 
with compact support in M. d . By T> we mean the space of K. dl -valued distributions on C^°; precisely, 
for m e D and (j> G C^° we define (u, <f>) G M. dl with components (u,cf>) k = (u k ,(j> k ), k = 1, . . . ,d\. 
Each u k is a usual M-valued distribution defined on C 00 (M <i ;IR). We let L p = L p (R d ;R dl ) be the 
space of all K dl -valued functions u = (u 1 , . . . , u dl ) satisfying 

NI£ p :=Ell«*ll£ p <«>- 
fc=i 



For p G [2, oo) and 7 G (—00, 00) we define the space of Bessel potential H£ = iJJ(R d ;R rfl ) as the 
space of all distributions u such that (1 — A) n / 2 u G L p , where 

((1 - A)T/ 2 w) fc := (1 - A)^V := ^[(l + |£| 2 ) 7/2 -F(u fe )(£)]. 

Here, T is the Fourier transform. Define 

|M|^:H|(l-Ar/ 2 U || Lp . 

Then, H^ is a Banach space with the given norm and C^° is dense in H2. Note that Hi 1 are usual 
Sobolcv spaces for 7 = 0,1,2,.... It is well known that the first order differentiation operators, 
d % : H^(R d ; R) -> H^ } - 1 (R d ; R) given by u ->• u x , (i = 1, 2, . . . , d), are bounded. On the other hand, 
for it G ff^(R d ;R), if supp (u) C (a, 6) x R d_1 with -00 < a < 6 < 00, wc have 

IMIffjHR^R) < c ( d ,1,a,b)\\u x \\ H ^~i {Rd . R) (2.1) 

(see, for instance, Remark 1.13 in [H]). Let £2 be the set of all real- valued sequences e = (ei, ei-, ■ ■ ■) 
with the inner product (e, /)^ 2 = £)m=i e m f m and the norm |e|^ 2 := (e, e) 1 /^ . For g = (5 1 , g 2 , • • • , g dl ) 
where g k are £ 2 -valued functions, we define 

NIW=£ "K 1 - A ) 7/ VUI£ P . 
/c=i 

Using the spaces mentioned above, for a fixed time T, we define the stochastic Banach spaces 

m;(T) -.= L p (n x (o,t],v,h;), m;(tj 2 ) ■.= L p (n x (o,t],p,f;(4)), 

L P (T) := H°(T), L p (T,£ 2 ) = H°(T,£ 2 ) 
with norms given by 

II m IIh;(t) = E / IK*)ll^ d *> IMIhS(ta) = E / ll u WHff;(«2) di - 

«/ */ 

Lastly, we set in = L p {n i T 0l H p <~ 2/p ). 

Definition 2.1. For a P-valucd function u G H^+ 2 (T), we write u G W p +2 {T) if u(0, •) G in"+ 2 and 
there exist / G B.J(T), g G H^ +1 (T,£ 2 ) such that 

du = fdt + g m dw™, t<T 

in the sense of distributions, that is, for any </> G C^° and k — 1, 2, • • • , di, the equality 

( U fe (t,-),0) = (u fe (O,-)»+ / (/ fc (s,-U)^+E / G/m(*> •),$<*<* (2.2) 

holds (a.s.) for all t < T. The norm in W p +2 {T) is defined by 

IMI«2+ 2 (T) = II U IIh2+ 2 (T) + ll/lk(T) + llffll H 2 +1 (TA) + IK°)II^+ 2 - 



Remark 2.2. Note that since the coefficients in system (jl.ip are only measurable, the space T-Q +2 {T) 
is not appropriate for system (|1.1|) unless 7 = — 1. 

We set A« = (a&), S l = (4 r ) and A ij = (a&), where 



™ = o/JC^ifctWr)^) °fcr = ( a kr,l> a kr,2i'--'. 
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Also, we set S* = {b l kr ),B l = (b' kr ),C = (c kr ), J\f = {v kr ), where v kr := (vkr,i,Vkr,2, ■ ■ ■)■ 
For any d\ x d\ matrix M — (mfe r ) we let 



|A/| := /^(m fcr ) 2 ; \M\ := E l"**rlL 

where the latter is the case that the elements are in £2- 
Throughout the article we assume the following. 

Assumption 2.3. (i) The coefficients a k ° r , b\ r , b kr , c kr , <j\ r m and fkr,m are V x B(M d )-measurablc, 
where B(R d ) denotes Borel (7-field in R d . 

(ii) There exist finite constants S, K^(j = 1, . . . , d), L > so that 

S\t\ 2 <$(**- A*) & (2.3) 

holds for any u 6 fl, i > 0, where £ is any (real) d\ x d matrix, £, is the ith column of £; again 
the summations on i,j are understood. Moreover, we assume that for any w, £ > 0, x G K d , 
i,j = l,...,d, 

|A lj (w,i,x)| < J^', |A tJ (o;,£,a;)| <L(i^l), \A ij (u,t,x)\ < L. (2.4) 

Our main theorem in this section is the following. 

Theorem 2.4. Assume that there is a constant N £ (1, 00) such that for any to, t > 0, x £ K d , 
i = l,...,d, 

\B% \B% \C\, \Af\ < N . (2.5) 

Then for any f ' G L 2 (T) (i = 1, . . . , d), f £ Hj^T), .9 G L 2 (T,£ 2 ), and u G t^ 1 , system fO]) ftas 
a unique solution u £ T-L\{T), and for this solution we have 

IKIIl 2 (t) < c(||«|| Mt) + ^||/*||l 9 (t) + ||/||^(t) + II5||l 9 (ta} + ||uo||d3), (2.6) 

i 

IMIh 2 (T) < ce cT E||f|| L2(T) + |[/|| H - 1(T) + ||.o|| L2(T ,, 2) + ||u ||c/ 2 0, (2.7) 

i 

where c = c(d, di,5,K,L,No). 

Proof. 1. We note that f k can be expressed as f k = F ok + div(F lk ,F 2k , . . . ,F dk ), where F ak £ 
Ul(T), F lk £ Wl(T) with the estimate \\F ok \\ ml{T) + Eti II^IImt) < c{d,dx)\\f k \\ m -^ T) ; this 
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follows from the observation f k = (1 - A)(l - A)- 1 / fe = (1 - A)- 1 / fc + div(-V((l - A)- 1 / fe )) (see, 
p. 197 of [H]). Hence, we may assume that / £ H^T) and show (|2.6[) and (|2.7I) with H/UhVt) m 
place of ||/|| H -i (T) . 

2. By Theorem 4.10 and Theorem 5.1 in [ID], for each fc the equation 



du k = (Di(8 ■ SijSkrul^ + f lk ) + f k ) dt + g k m dw 



^t\ 



or equivalently, 



du k = (5Au k + fl k + f k )dt + g k n dw™, u k (0) = u k , 



has a solution u k and we have u := (u 1 , u 2 , ■ • • , u dl )* as the unique solution of 

du = {SAu + fl, + f)dt + g m dw n t \ u(0) = u , 
in %\{T) with estimates flU]) and §TQ,. For A £ [0, 1] we define 

= ((1 - A)4« + \S ■ 5 tJ l) - (1 - A)^ y ' = Ajf - A*£ , 
where ^ := (1 - \)A ij + XS • %/, JC* := (1 - X)A ij . Then we have 

i,3 

for any real d\ x d-matrix £. Also, we define 

5':=(1-A).B\ B\:={l-\)B\ C x := (1 - X)C, A/" A := (1 - X)Af. 

Then B\,B\,C\,Af\ satisfy (|2.5|) . Thus, having the method of continuity in mind, we only prove 
that ()2.6j) and ()2.7j) hold given that a solution u already exists. 

3. Applying the stochastic product rule d|u fc | 2 = 2u k du k + du k du k for each k, we have 



kn\\2 



!«*(<) 



,fc|2 

'n 



r- y 2 U * ( A«i<; + /**) + b\ r uli + CkrU r +f)ds 

rt 

,fe|2 



+ / |<Tfe r <" + v kru r + g \tds 







+ / 2w fe « rim < l + ^ r , m w r + g^dw™, t > 0. 



(2.8) 



Note that, making the summation on r, i appeared, we get 

2 



E 



E °fcr<- + E "^ 



■5 



fa 

2j^(u xi yA i iu xi + y £[\Wu) k \l + \g k \l 

i,j k 



-*E 



(^(EVOVk + (W^k + (E(^ M ^) fc , W) 



By taking expectation, integrating with respect to x, and using integrating by parts in turn on 
we obtain 



E 



f \u(t)\ 2 dx + 2E f J S"{u x i)*{A^ -A ij )u XJ dxds 

jR d Jo Js. d , t 



E / \u \ dx 



-2Ve/ / [-2u xl f + u*(B l u x *)] dxds + 2E / / [Cu + u*f]dxds 

JO Jm d Jo Js. d 



(Afuf\ i2 + \g \j 2 dxds 
QT(£X0 fc ,5 fc k + {{Mu) k l9 k ), 2 + (£(£*«**)*, (Mu) k ) e . 2 



o Jm d 



+E E 

k 

,, JO JR 



k Jo Jm d 
Note that we have 



dxds. 



J2(J2^ x >)\g k )t 



k i 



< 2^|^«. 



e 2 l y 1^2 



k r.i 



± E flE« 



I 2 , 2 IJfcl 2 






2 e 



El 



e|^| 2 El a ^| 2 + 7E 



for any e > 0; similarly, we get 



E(W'5 fe ). 

fc 



< MM + Els 



A- 1 2 



k i 

Hence, it follows that 



< e\u x \ 2 Y j \a^ r \ 2 + -mu\. 



E / \u{t)\ 2 dx + 2S 



\ut\ dxds 



ft r- r-t 

\2j^ I n „- IT? I / L, |2j — 7„ i „H7 / / L,/'„m2, 



< E \u \dx + ceE / |u x fdxds + cE/ / \u{s)\ dxds 

Js. d Jo Js. d Jo Js, d 

+ C E E / / \f l \ 2 dxds + E [ I \f\ 2 dxds + cEJ2 [ f \g k \ 2 e2 dxds 
i Jo Jm d Jo Jm d k Jo Js, d 

< ceE / \u x \ 2 dxds + cE I I \u{s)\ 2 dxds 

J0 Jw d Jo JR d 

+^E Wf l Wt(T) + H/Hmt) + 49\\1 2( tm) + Kfe- 



(2.9) 

(2.10) 
(2.11) 



Choosing small e, we obtain 

IKHl 2 (T) < c(||«||£ a(T) + ||/||l 2 (T) + E ll/*llt.(T) + IbllL(TA) + ll«0|lui), 

i 

E / \u(t)\ 2 dx < cE / / |u(s)| 2 <£cds 

+<\\f\\l(T) + E H/ilL(T) + \\9\\l(T,t 2 ) + IMfe). 
i 

where c does not depend on T. Now we recall the remark in step 1, and see that the first inequality 
implies (|2.6p . Also the second inequality and Gronwall's inequality lead us to (|2.7|l . The theorem is 
proved. D 

3 The system on R^ 

In this section we present some results for the systems defined on Mi_. In the next section, these 
results will be modified and be used to develop our theory of the systems defined on C^-domains. 
Here we use the Banach spaces introduced in [IT]. Let (, G C^°(]R+) be a function satisfying 

oo 

E ({e n+x ) > c> 0, Vx € R, (3.1) 

n— — oo 

where c is a constant. Note that any nonnegative function (, £ > on [l,e], satisfies (|3.1[) . For 
9,7 6R, we let H'l e denote the set of all distributions u = (u 1 , u 2 , ■ ■ ■ u dl ) on K^ such that 



IMISr :=E e " e |IC(-Me"-)ll^<°°- (3-2) 

If 9 = (s 1 > 9 2 > • ■ • j 5 dl ) an d each g k is an ^-valued function, then we define 

ll5ll^(, 2 )=E e " 9 |IC(-).9(e"-)ll^ ( , 2) . 



;iGl 



It is known (see [TTJ) that up to equivalent norms the space HJ S is independent of the choice of £. 
Also, for any 77 e Cg°(R + ), we have 

E e" e |Ke".)T?||^<c E e" e || M (e".)CII^, (3.3) 

n= — 00 n— — 00 

where c depends only on d, di, 7, 0,p, 77, £. Furthermore, if 7 is a nonnegative integer, then 

IMI^ ~EE / l(* 1 ) n ^ a «(»)| p (x 1 ) tf -''dx. (3.4) 

n—V \a\—n + 

Below we collect some other properties of spaces HI g . Let M a be the operator of multiplying 
by (a; 1 )" and M = M 1 . 



Lemma 3.1. ([71]) Let d - 1 < 6 < d - 1+p. 

(i) Assume that 7 — d/p = m + v for some m = 0, 1, • • ■ and v £ (0, 1]. TTien /or any u € £Tj e 
and i 6 {0, 1, ■ • • , m}, we have 

\M l+e/p D l u\ c + [M m+ly+e/p L> m n] c , < c\\u\\ H ^ e - 

(11) Let a G R, fAen M a H; g+ap = H^, 

\\u\\ H -< <c\\M- a u\\ H -< <c\\u\\ H i . 

fra) MD,DAI : H~' g —> H? g are bounded linear operators. 
(iv) There is a constant c = c(d,p,9, r y) > so that 

c- l \\M- l u\\ K() < \\u x \\ h; -i < c\\M- l u\\ Ke . 

We define the following stochastic Banach spaces. 

^le(T)=L p (n x [0,T],V,Hl e ), W pi6 (T,e 2 )=L p (n x [0,T],V,Hl e (£ 2 )) 

Lp, ff (T) := M%(T), h p , g (T 7 l 2 ) := H^T.fc), U£ e = L p (fi, Jo, M x ~ 3 ^Bff /p ). 

Definition 3.2. We write u G J^ 2 (T) if u G A/H^+ 2 (T), u(0) G f/^ 2 and for some / G 
M^W pfi {T), g G M;+\T,£ 2 ), 

du = fdt + g rn dw 7 t n 

holds in the sense of the distributions. The norm in SS 1 + e (T) is defined by 

IMI^+ 2 (T) = \\ M ~ lu \\w;+ 2 (T) + \\ M f\\Ml (T) + IMIhJ+^TA) + H U (°)llc/;+ 2 - 

Let us denote 

K := p2m 2 - 

Lemma 3.3. Assume 

6e(d — , d+ — - — V (3.5) 

V 2K-S' 2K + 5J y ' 

b l = b l = c = and v = 0. Then if u €. il/H^ e {T) is a solution of system il.l)) on [0, T] x R^ and 
u G L 2 (fl,C{[0,T],C^((l/N,N) x {x 1 : \x'\ < TV}))) for some N > 0, then we have 

WM-'uf^ e{T) < c(\\f% 2AT) + ||M/||£_ J(T) + \\g\\t 2ATA) + \\u \\ 2 uie ), (3.6) 

where c — c(d,di 1 S,0,K,L). 

Proof. 1. By Corollary 2.f2 in [IT], _f fc has the following representation: 

f k = Y,D t F l \ £||^ fc ||L 2 , e <c\\Mf k \\ H - y 

i— 1 i 



Also since \\M 1 u\\ H i < c\\u x \\l 2 e ( see Lemma l3~TT iv) ), it is enough to assume f k =0 and prove 

KIIL,„(t) < c(\\f\\ UMT) + \\g\\l 2ATM + IKII^ e ). 

2. Again, as in the proof of Theorem 12.41 applying the stochastic product rule d|w fc | 2 = 2u k du k + 
du k du k for each k, we get 

\u k (t)\ 2 = \u k | 2 + 

+ / Hr<i+9%ds+ I 2u k (al rtm u r x ,+g k n )dw™, 

JO JO 

where the summations on i,j, r are understood. Denote c = 8 — d. For each k, we have 
< E / |u*(T,x)| 2 (x 1 ) c da; 



2u K 



AK>^+/ ifc ) 



ds 



E/ |u*(0,a;)| a (a; 1 ) c da: 

cT r rT 

■ kr "a i i r u r xi ){x 1 ) c dxds + 2-E / 

JO 

+E / / \cri r u r x Al{x l ) c dxds 



a 



JR*. 



u r f$(x l ) c dxda 







+2E 



T r i-T 



(E\.) ,skF) c rf^ + E / |ff fc |?,(a; 1 ) c da;ds. (3.7) 



Note that, by integration by parts, we get 
2 



o 



vTffitfydxda = -2E / ' 

Jo Jk^ 



[w^fti 1 )' + cM- 1 u r / lfe (x 1 ) c ] dxds 



< £ KHl 2 , 9 (t) + zW 1u \\Lmt) + c(e)\\f\\u,,w 
Also, the second term in the right hand side of (|3.7[) is 



^..TAfTlf-l.M f„l\C r 



-2oj£.«**u^-2c(o^«^)(M- 1 «*) (x 1 ) c dxd« 



Thus, by summing up the terms in (|3 . 7[) over k and rearranging the terms, we obtain 



2E 



**, (A ij -A ij )u xJ (x l ) c dxds 



< \C\ (^ll^llL 2 , e (T)+^ 2 ^ 1 P'/- 1 U || 2 2 _ ()(r) 

+Ne(\\M- 1 u\\l 2A T) + \WAl 2A T) / 

Me) (llfllL, fl( T) + h\\l 2ATM ) + IK0)Ha 2 y 

for any k, e > 0. This is because for any vectors v, w G R™ and k > 

< A y w,w;> | < |A w v||u;| <K j \v\\w\ < -(n\v\ 2 + k" 1 ^') 2 ^] 2 ) 



(3.8) 



and consequently, 



2«<< 3 --2c«X,)(M-V=) (x'Ydxds 



< E 



/ / -^alu^u^dxds+lclUlu^l^+K^-'llM-^lll^). (3.9) 



Now, Assumption (|2.3[) . inequality (|3.8[) . the inequality 

P J " 1 "lll 3 , g < (d + 1 4 _ g)2 Klll a , B (3-10) 

(see Corollary 6.2 in [11]), and Lemma l3"7fl (iv) lead us to 

/ d-K 2 \ 

2£|KIIL, 9 (T) " \c\ [*+ K , d+1 _ e y ) KIIl^CO 

< m\u x \\t AT) +N\\f\\l AT) +N\\g\\l AT) + \\u(0)\\ 2 u iy 
Now, it is enough to take k = 2K/(d +1 — 9) and observe that (|3.5[) is equivalent to the condition 

1 ' V «(d + 1 -0) 2 / d + 1-0 

The lemma is proved. □ 

Here is the main result of this section. 

Theorem 3.4. Suppose \3. 5\) holds and 

\Mb l \ + \Mb l \ + \M 2 c\ + \Mv\ i2 < /3. (3.11) 

Then there exists constant @q — /3o(d, d\, (9, S, K , L) > so that if fi < {3q, then for any f l £ li2,e{T), 
f £ M~ l M 2 ~ s (T), g £ TL2 t e(T,£2), and uq £ U^g, system hl.l}) has a unique solution u £ Sj^ g (T), 
and furthermore 

IMUi_ e( T) < c\\r\k 2 AT) + c \\ M f\\w-l(T) + c llslk, 9 (T,* 2 ) + c||w ||c/i 8 (3.12) 

where c = c(d, S, K, L, T). 

Proof. As before, we only prove that the a priori estimate (|3.12[) holds given that a solution u already 
exists. By Theorem 2.9 in [12], for any nonnegative integer n > 7, the set 

00 
WAT)n |J L 2 (il,C{[0,T\,CS{(l/N,N)x{x':\x'\<N}))) 

N=l 

is everywhere dense in S)1 e {T) and thus we may assume that u is sufficiently smooth in x and 
vanishes near the boundary. 

Step 1. If b % = b l = c = and v = the a priori estimate follows from Lemma [ 
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Step 2. In general, by Step 1, 

IIM-^Hhi e(T) < cWMVM^u + f\k 2s{T ) + cWMVux* + M 2 cM-\ + Mf\\ B -i (T) 
+c\\MvM- 1 u + g\\ UAT j 2) + C |Kllc/ 2 V 
Since || • \\ H -i < \\ ■ \\l 2 ei we easily see that the above is less than 

cP\\M- 1 u\\T a i ie (T ) +c||/||]L 2]e (T) +c||A//|| H -i (T) +c||5|| L2]e ( TA )+c||u ||c/i ]e - 
Now it is enough to take /3 so that cf3 < 1/2 for any (3 < f3 . The theorem is proved. 



□ 



Remark 3.5. We do not know how sharp (|3.5p is. However, if 6 £ (d — 1, d+ 1) then Theorem l3.4l is 
false even for the heat equation u t = Am + / (see [IT]). 

We also mention that if the coefficients are sufficiently smooth in x, then one can get quite wider 
range of 9. This will be shown in the subsequent article [5J. 

4 The system on0cl d 

In this section we assume the following. 

Assumption 4.1. The domain O is of class C\. In other words, for any xq £ dO, there exist 
constants rg, Kq £ (0, oo) and a one-to-one continuously differentiable mapping "J of B ro (xo) onto a 
domain J C K d such that 

(i) J+ := *(B ro (.T ) nO)clf and *(x ) = 0; 

(ii) *(5 ro (so) n 90) = J fl {y e M d : y 1 = 0}; 

(hi) |[*||ci(Br (»o)) ^ A 'o and l* -1 (2/i) - * _1 (2/2)| < if |yi - y 2 | for any y 4 g J; 

(iv) ^a, is uniformly continuous in for B ra {xg). 

To proceed further we introduce some well known results from [5] and (SJ. 

Lemma 4.2. Lei the domain O be of class C\. Then 

(i) there is a bounded real-valued function ip defined in O such that the functions ip(x) and 
p(x) := dist(x,dO) are comparable in the part of a neighborhood of dO lying in O. In other words, 
if p{x) is sufficiently small, say p(x) < 1, then N~ l p{x) < ijj(x) < N p(x) with some constant N 
independent of x, 

(ii) for any multi-index a it holds that 

sup^ |Q| (a;)|L> Q ^(a;)| <°o. (4.1) 

o 

To describe the assumptions of / 4 s, /, and g in (|l.l|l with space domain O we use the Banach 
spaces introduced in [8] and [13]. Let ( £ Cq°(M.+) be a nonnegative function satisfying (|3.ip . For 
x £ O and n £ Z := {0, ±1, ...} we define 

C„(x) = C(e>(x)). 
11 



Then we have J^ n C, n > c in O and 

C„ G C o °°(0), |D™<„(x)| < iV(™)e m ". 
For 0, 7 G R, let H^ g {0) denote the set of all distributions u = (it 1 , u 2 , • • • u dl ) on such that 

IMI^ e (0) := E e " e HC-«( en -)^(e™-)ll^ < oo. (4.2) 

n£Z 

If g = (g l ,g 2 , ■ . ■ ,g dl ) and each g k is an ^-valued function, then we define 

ii5ii^ e (o,, 2 ) = E e " e nc-»(^-)3( e "-)ii^ ( , 2) . 



nGZ 



It is known (see, for instance, [13]) that up to equivalent norms the space H"! e (0) is independent 
of the choice of ( and tp. Moreover, if 7 = n is a non-negative integer, then it holds that 

n „ 

Ni/r 9 (o)~E E / i^^^(x)r<- d (x)dx. (4.3) 

By comparing (|3.4[) and (|4.3|l . one finds that two spaces iJZg(R^) and HZ g are different since ip is 
bounded. Also, it is easy to see that, for any nonnegative function £ = ^(x 1 ) G C^R 1 ) satisfying 
£ = 1 near a; 1 = 0, we have 

IMIhV^) ~ (UuU;, + 11(1 - 0«||fl?) ■ (4-4) 

In particular, if u(x) = for x > r, then for any a G R we get 

c-^M^H^ < H a u\\ H;AK) < c\\M a u\\ H;e , (4.5) 

where c = c(r, a, 7,p, 6'). We also mention that the space FL can be defined on the basis of (|4.2|) 
by formally taking V^) = a;1 so that C,- n {e n x) = C,{x) and (|4.2|l becomes 



^ fl : =E e " e H e "-)cn^<oo. 



P,6 



We place the following lemma similar to Lemma |3. II 

Lemma 4.3. ([71]) Let d - 1 < 9 < d - 1 + p. 

Assertions (i)-(iii) in Lemma \3.1\ hold true with ip and H^ g (0) in place of M and H2q, respec- 
tively. 

We define 
H^(0,T) = L p (il x [O,T],7M^ e (0)), H^(0,T,£ 2 ) = L p (il x [0,T],7>, 1^,(0, £ 2 )), 
^(0) = ^ 2/p ip(^,^0,^ e 2/p (O)), Lp,fl(0,T) =W%((D,T). 
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Definition 4.4. Wc define J^+ 2 (0,T) as the space of all functions u = (u 1 , ■ ■ ■ , u dl ) G %jMj + g 2 ((D,T) 
such that u(0, •) G U?+ 2 (0) and for some / G fl^fO.T), g G i^'fO.T.Ij), 

du = f dt + g m dw™ , 

in the sense of distributions. The norm in S) 1 s (O, T) is introduced by 

W u hi+ 2 (o,T) = II^~ 1u IIh^+ 2 (o,t) + W\\b; i9 (o,t) + hWixyy (o,t,£ 2 ) + \\ u (°'-)\\u;y-(o)- 

The following result is due to N.V.Krylov (see, for instance, [§])■ 
Lemma 4.5. Let p > 2. Then there exists a constant c = c(d,p,9,j,T) such that 



In particular, for any t < T, 



E ^ l|M(<)ll ^(o)^" W "^/(^)- 



Assumption 4.6. There is control on the behavior of b kr , b kr , c kr and v kr near dO, namely, 

lim sup[p(x)\bl r (t,x)\ +p(x)\bi r {t,x)\ + p 2 (x)\c kr (t,x)\ + p(x)\v kr (t,x)\i 2 ] = 0. (4.6) 

p(x)->-0 t,u 

xeo 



Note that Assumption 14.61 allows the coefficients to be unbounded and to blow up near the 
boundary. (|4.6[) holds if, for instance, 

\bi r (t,x)\ + \bl r (x)\ + \v kr {x)\ i2 < cp- 1+£ (x) 7 \c kr (t,x)\ < p- 2+£ (x), 

for some c, e > 0. 

Here is the main result of this section. 

Theorem 4.7. Let O = W\_ or O be bounded. Suppose (3. 5\) and Assumption \4-6\ hold. Then for 
any f l G h 2 ,e(0,T) (i=l,...,d), f G V _1 H^(0,T), g G lL 2 .e(0,T,i 2 ), and u G L^O), the 
system \1.1\) admits a unique solution u G $r$\ ${®)T), and for this solution we have 

W'^WmleiCT) < c\\P\\u, e (o,T) + c \\^f\\m-l(o,T) + c II.9||l 2 , 8 (o,ta) + c|K||c/i g ( ), (4.7) 

where c = c{d, 5, 9, K, L). 



Remark 4.8. By carefully inspecting our arguments below one can check that Theorem 14.71 holds 
even if the C 1 -domain O is not bounded. 

To prove Theorem 14.71 we need the following a priori estimate near the boundary. 

Lemma 4.9. Suppose that u G Sj\ g(0,T) is a solution of system \ 1.1]) such that u(t,x) = for 
x G 0\B r (xo), xq G dO. Then there exists constant r\ G (0, 1), independent of xq and u, such that 
if r < r\, then a priori estimate J^.7[ ) holds. 
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Proof. Let xq G dO and $ be a function from Assumption 14.11 In [5] it is shown that "J can be 
chosen in such a way that 

p(x)^ xx (x) ->• as x e B ro (xo) n O, and p(x) ->■ 0, (4.8) 

where the convergence in (|4.8[) is independent of xo . 

Define r = ro/Ko and fix smooth functions 77 £ C^(B r ),ip 6 C°°(R) such that < 77, ip < 1, 
and 77 = 1 in B r / 2 , f{t) = 1 for t < —3, and ip(t) — for i > — 1 and > ip' > — 1. We observe that 
^(i? ro (xo)) contains B r . For n = 1, 2, ..., i > 0, x £ R+ we introduce <p n (x) : = <p(77 J _1 lnx 1 ), 



o«(t,a:) := rj(x) [ £ a'" 1 ^,*" 1 ^)) ■ W*" 1 ^)) ■ 9 m ^'(*- 1 (x)) + <P J '(1 - J?(a;))/, 

W,m=l / 

& 4 <"(t,x) := 77( 2 ;)^ n (x)^6'(i,vl/- 1 (x)).a i ^(vl/-i(x)), 

&*•"(*,*) := »/(sV n (x)[-- Y, a im (t ) *- 1 (x))-(9 m ^'-9 ir * i )(*- 1 (x))-9,(^- 1 r(x) 

l,m,r,j 

+ Y / b L (t,*- 1 (x)) ■ d^^-^x)) ' , 
1 
c n {t,x) := ?7(a;)( / ?„(.T)c(i,*" 1 (a;)), 

a J (t,x) := 17(3) ^(t,*-^)).^*-^)), 

j> n (rj,a;) := i 1 (x)ip n (x)iy(t,x)(t,^- 1 (x)). 

Then (a lJ , a 1 ) satisfies ()2.3[) and (|2.4[) . We take /?o from Theorem 13.41 corresponding to d,di,6,8,L 
and if. We observe that (p n (x) = for x 1 > e~ n . Also, note that (|4.8[) implies x 1 * xx (*~ 1 (a;)) — >• 
as .t 1 — >• 0. Using these facts and (|4.6j) . one can fix 71 > which is sufficiently large, independent of 
Xo, and 

* 1 fe(t.s)l+* 1 |^(*,a;)| + (a: 1 ) a |cg r (t > s)| + s 1 |i>^(t,a:)| 4l < A), V w,t,z. 

Now, we fix r - ! < ro so that 

*(B ri (x )) C B r/2 n {x : x 1 < e" 3 "}. (4.9) 

Next, we observe that, by Lemma T4. 2 1 and Theorem 3.2 in [13] (or see [8]), for any v, a € R and 
ft G il.>~ a H" g (0) with support in B ro (a;o) we have 

ll^ll^(O) HIA^M^^Kv (4.10) 

Thus, for v(t,x) := u(£, 4'~ 1 (a;)) we have u £ $j\ g(T) and 1; satisfies 

dv k = (Dddiv: 3 + k> r + r k ) + K> r ^+c n k rv r + f k )dt 
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where 

f ik = E(/' k di^)(^-\x)), f k = ^(V-^xMj&iV-^xWVIf-yix) + f k ^-\x)). 

e 

Hence, the a priori estimate follows from Theorem 13.41 and (|4.10j) . The lemma is proved. 



□ 



Remark 4.10. Let O = Rj_. Then, in fact, Lemma T4.9I holds if u(t,x) = for x 1 > n for some r\. 
Indeed, by (|4.6p there is T\ > so that 

\Mb l \ + \Mb l \ + \M 2 c\ + \Mu\ ta < P (4.11) 

for a; 1 < r%. Now, if u(t, x) = for x 1 > r\, then without affecting the system we may put 
b l = b l = c = and v = for x 1 > r\ so that (|4.11[) holds for all x. Consequently the assertion 
follows from Theorem 13.41 and (|4.5I) . 

Next, we prove the a priori estimate for small T . 

Lemma 4.11. Let assumptions in Theorem ^. 7| be satisfied. Then there exists a constant e G (0, 1) 
so that if T < e, then a priori estimate (R77J) holds for any solution u G Sj\ @{0, T) of system hl.l}) 
with uq = 0. 

Proof. We prove the lemma only when O is bounded. The case O = M.^ is treated similarly. 
Take a partition of unity {( n '■ n = 0, 1,2, ...,Nq}, where Ao < oo, such that £o G Cq°(0) and 
Cn G Co°(-^ri/2( :c n)) with x n G 9C for n = 1, ...,Nq. Also, we fix functions C, n such that (o G 
C X5 (O), £„ G C yD (B ri (x n )) for ?i = 1, ... , A^, and CnCn = Cn for each n. We note that v n := u( n 
satisfies 

d«* = {Di{agv r nxi + o{ r v r n + f ik ) + b{ r v r nxi + c kr v r n + fl - a l l r u r x ^ nx i) dt 

+ «A + "*r,m< + ffm) <*<*, (4.12) 

where 

/* := -(6L« r + f* + &*r« r )U« + f\n, 

7ik ij r > , rife /■ fe _*fc /■ , fe /- 

in : = -«fer U W + J Cn, ,9„ = ~^ "W +9 Cn- 

Also, we note that Co" G Hl(T) and ||-0 _1 Cow||h 1 (o.t) ~ IICou||h1(t)- By Theorem 12.41 and Lemma 
we have 

No 
U~ lu \\w\ JO,T) < Yj \W~ lv »Wiq JO,T) ( 4 - 13 ) 






N 
< 



Nj2(Wfn\\Le(0,T) + Wn\\l-i (OT ) + IIK'XCn* IIh" 1 (0 T) + W9n\\t 2 ,(0,T A ))- ( 4 ' 14 ) 



Actually relations like (|4.13p hold even if No — oo and this is why the theorem is true even when O 
is not bounded. 
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Since a lJ is only measurable, at most we get 

Yl HV'0fe.«^Cnx'll^i (Oir) < Y. \\^ a kr U liCnx4l 2i9 (0,T) < N \\ u Al 2 _ e {0,T) < N U' lu \\\ e (0,T) 
n n 

and consequently (|4.14p only leads us to the useless inequality 

U' lu \\\ ei O,T) < N U~ lu Wll e {O^T) + ■■■■ 

Hence, to avoid estimating the norm ||V' a fcr u zjCnx i ||]Hr 1 (e> T) wc P rocee d as m [S]- We note that for 
each k we have 

Thus, by Theorem 2.9 in [2], for each k the solution v k G Sr>\ e (0, T) of the single equation 

satisfies 

lklU| 9 (o,T) < ^l|afeXiC„x*lk 2 , 9 (0,T) < JV||u a ,Cn«llL a .,(0,r) (4-15) 

and, by Lemma l4~5l for each t < T we have 

U*nllH2 ( ,(0,t) ^ Ar *H f 'nll«3,.(0,t) ^ MKC»*ll2 a ,,( ,t), (4-16) 

where A~ is independent of T since we assume T < 1. Now, we denote u„ := v k tp( n and w„ = 
(it 1 , •,w^ 1 )- Then u„ satisfies 

du£ = (Au k n + f k - 4 r u r xi C nx i )dt, < (0) = 0, 

where /* = —2v k iiCnip)^ — ^n^CnVO- Finally, as we denote u n := v n — u n , we find that u n satisfies 

du k n = (A(4i<^ + &*«n + *f ) + &fcr«^ + C kr< + F k ) dt 

+ (4r,m<^ + "ix, m < + G*J dw?, (4.17) 

where 

Then, by Lemmas 14.91 for any n > 1 and t < T we have 

ll^"V||^ 9(0 , t) < #11^11^.(0,0 + ^H^»H^;i(o,t) + N \\G n \\t 2A0 .ty (4-18) 

Also, since u(o has compact support in 0, (|4.18[) holds for n = by Theorem l2.4l As we recall that 
tpb,iljb,il; 2 c,ip x ,il;ip xx ,(Cnip)x,^A(C n tfj) are bounded, || • \\ H -^ 0) < II ■ IU 2 , e (e>), and 

%\r x u n = ( n v n , u nx = („ipv nx + v n (C n ip)x, 
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we get 

Hifn + KrKixi + C fcr<)|| H -i(e),t) 

< N (\\lpV nx \\ UAOtt) + |K|JL 2 , e (0,t) + \\u n x\k 2 .e(0,t) + II ^"^nll^^i) 

< N (Uv nx \k 2:l) (0,t) + \\Vn\\h 2 A 0,t)) 

< N \\Vn\\Ml s (0,t) 

and it leads to 

H^ll^(0, t ) < ^ll^/n||^-j (0it) +^ll«n||^, (0 , t) . 

Also, by f|4.16[) we have 

IKIIhi {O,t) ^ Nt\\u x ( nx \\ UA o,t) 

and consequently 

n 

< Arx;(ii^/»ii^- ;(0jt) +*ii«x<nxii^, (0 , t) ) 

n 

< N\\u\\t A o,t) + Nt\K\\l M o,t) + N \\I\\t A o,t) + N\W\\ 2 <eio , t y 
The sums 

2^ \\K\\l 2 : „(0,t)' 2^ ll G ™lllL 2 , e (0,t)- 
n n 

are estimated similarly. Then for each t <T one gets 

U~ lu Wi 2e (o,t) < N 1LU~ lv »\\l^ tl (o,t) 

n 

< N\\i\\t A o,T) + N w\\ 2 <eio , T) + m\9\\t A o, T) 

Now, we choose e £ (0, 1] such that for t <T < e 

N -nu x \\t 2A o,t)< 1 / 2 U~^\\k >e (o,ty 

Then, by Lemma l4~5l for each t < T we obtain 

IMl! 2 ,(o, t ) < N f \\u\\% ig(0!s) ds + N\\f\\l 2A o,T) 

•* 

+ N US\\l-^ T) + N\\9\\t 2A o,Ty (4-19) 

This and Gronwall's inequality lead to the a priori estimate for T < e. □ 

For the case T > e we need the following lemma, which is proved in [S] for d\ = \. 
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Lemma 4.12. Let d - I < 9 < d + I + p, t <T, and u G f)^ 2 (0, to) satisfy 

du k (t) = f k (t)dt + gl(t)dw?, «(0) = 0. 
Then there exists a unique u G S\L g (O, T) such that u(t) = u(t) for t < to(a.s) and on (0, T) 

du k = {Au k (t) + f k {t))dt + g k I t < to dwT, (4.20) 

where f = (f k (t) — Au k (t)) It<t ■ Furthermore, we have 

II»IUj+»(o,t) ^ N W u h;+ 2 (o,t y ( 4 - 21 ) 

where N is independent of u and tg . 

Proof. Wc note that for each k, f k G i)- l W pfi {0,T) and g k h<t a G K^ 6 X {0,T), Thus, by Theorem 
2.9 in [4], equation ()4.20|) has a unique (real- valued) solution u k G .$52 # (0,T) and we have 

ll fifc lla;+ a (o,T)<^ll«*IU^(o,to)- ( 4 - 22 ) 

We define u = (u 1 ,^, 2 ,--- ,u dl ). To show w(£) = u(t) for £ < to wc notice that, for £ < £o, the 
function v k (t) = u fc (£) — u fe (£) satisfies the equation 

dv k {t) = Av k dt, w(0,-) = 0. 

Thus, by Theorem 2.9 in 0J, z>*(i) = for t < t (a.e). The lemma is proved. □ 



We finish the proof of Theorem [47 

Proof of Theorem 14. 71 As usual, we only prove that estimate (|4.7p holds given that a solution 
u already exists. For simplicity, we assume uo = 0. See the proof of Theorem 5.1 in [10] for the 
general case. 

Take an integer M > 2 such that T/M < e and we denote t n = Tn/M. Assume that, for 
n = 1, 2, ..., M — 1, we have the estimate (|4.7p with £„ in place of T (and A depending only on 
d, d\, 0, <5, K, L and T). We use the induction on n. 

Let u n G i^2 e ^ e the continuation of u on [£„, T], which exists by Lemma 14.121 with 7 = — 1 and 
to = t n . As we denote v n := u — u n , we have v n (t) = for £ < t n (a.s) and, for any t G [in,^] and 
6 C o °°(0), 

(t£(t), </>) = -[ (a% r v r nxi + t4X + f ik ,<t> x i){s)ds + /" (&|X*« + cfe-t;; + /„, 0)(s)ds 

+ / Wkr. m U n^+ V kr, m V r n +g^, m ,4>){s)dw^, 
Jt n 

where 

if := (at ~ S^S kr )u r nxJ + 6lX + /**, /» = &*Xx< + Cfcr«^ + /*, 
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Next, instead of random processes on [0,T] we consider processes given on [i„,T] and introduces 
spaces fjp g(0, [t n ,T]), E P: g(0, [t n ,t]), Mj 9 (0, [t n ,T]) in a natural way. Then we get a counterpart 
of the previous result and conclude that 

rt-n+l 

E \\i^ 1 (u~u n )(s)\\ 2 Hl (0) ds 

< neJ " +1 (||i;Us)ll! 2 , e(0) + Hfn(s)\\ 2 H - lio) + \\gn(s)\\l 2MO) )ds. 

Thus, by the induction hypothesis we get 

eJ" ' H^uWI&i^oda 

< NE [ H- l u n (s)f H i (a) ds + NE I " 'ih^V" 00)11^ (0) ds 

Jo 2 - a Jt n 2 ' 8 

< N(Wf\\t M o,t n+l) + \m\\ 2 M - l{0 , n+l) + \\9\\l A o,t n+u e 2 ))- 
We see that the induction goes through and thus the theorem is proved. 
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